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Abstract. We compute the equivariant K-homology of the groups PSL2 of imag- 
inary quadratic integers with trivial and non-trivial class-group. This was done 
before only for cases of trivial class number. 

We rely on reduction theory in the form of the F-CW-complex defined by Floge. 
We show that the difficulty arising from the non-proper action of F on this com- 
plex can be overcome by considering a natural short exact sequence of C* -algebras 
associated to the universal cover of the Borel-Serre compactification of the locally 
symmetric space associated to F. We use rather elementary C* -algebraic tech- 
niques including a slightly modified Atiyah-Hirzebruch spectral sequence as well 
as several 6-term sequences. 

This computes the K-theory of the reduced and full group C* -algebras of the 
Blanch! groups. 
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1. Introduction 

This paper is concerned with the Bianchi groups, i.e. the class of groups defined 
by PSL2 of the integers of an imaginary quadratic number field Q[^/—m\ where 
m is a product of different primes. Any such group is a group of orientation- 
preserving isometries of hyperbolic three space H by means of the right-coset 
identification V. ^ PSL2{C)/ PSU2- We aim at computing the left hand side of 
the Baum-Connes-conjecture for these groups. Our main result is theorem [TOl that 
accomplishes the calculation in the example case m = 5. 

There is vast literature on the Bianchi groups ll6ll8l[T4ll and the conjecture |[T6^|. The 
latter is concerned with the difficult problem to parametrize K-theory classes of 
projective modules over the reduced C* -algebra of F. This C* -algebra is defined 
as the closure in the operator norm of the left regular representation of T on £^T. 
The conjecture asserts that the K-theory of C*^^T is isomorphic to equivariant K- 
homology with F-compact supports. We shall use the "official" definition 

i?KK,('iro(£^F),C) := lim KKI(%(X),C) 

XCET, r\Xcompact 

of equivariant K-theory with F-compact supports as in [2J, where ET is a classi- 
fying space for proper actions of F, and KK'^ is equivariant bivariant K-theory as 
defined in [13|. In the present context of a closed subgroup F of a semisimple Lie 
group G, the symmetric space G/K = 71 is a typical universal space ET [2\, where 
K is a maximal compact subgroup of G. 

The Baum-Connes conjecture applies equally to Lie groups and has, in fact, been 
proven for all connected Lie groups [4] . However, most often the Plancherel for- 
mula allows to understand the structure of the left regular representation of Lie 
groups, whereas the C* -algebras of arithmetic groups have turned out to be very 
hard to understand. One of the reasons is that for many arithmetic groups, the 
C* -algebra is not type I, i.e. there are irreducible representations not contained in 
the operator ideal of compact operators. 

Hence, the knowledge of the K-theory of the C* -algebra yields valuable infor- 
mation which seems not to be accessible by more elementary or more explicit 
approaches. Furthermore, the Baum-Connes conjecture is, so far, the method of 
choice for computing the K-theory whenever the structure of the C* -algebra is un- 
known. 

However, it often turns out that the left-hand side is not immediately calculable 
either. The present paper is in spirit quite close to [22] which computes the left- 
hand-side for the group F = SL(3, Z); however, it is unknown if the assembly map 
is surjective in this case. In contrast, Julg and Kasparov have verified the Baum- 
Connes conjecture for all discrete subgroups of SO{n, 1) and SU(n, 1) [11]. Since 
PSL(2, C) = PS0(3, 1), this readily implies that the assembly map is an isomor- 
phism for all Bianchi groups. Therefore, the Bianchi groups are among the most 
interesting arithmetic groups for which complete knowledge of (the isomorphism 
type of) K,(C;^r) is available. 

The canonical way to understand arithmetic groups is via actions on retracts of 
the symmtric space, as computed by reduction theory. Here, we shall use Floge's 
CW-complex [9|, a union of a 2-dimensional retract of hyperbolic 3-space with a 
countable subset of the Satake (spherical) boimdary of H. These boimdary points 
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of the complex are the F-orbits of so-called singular vertices of the Floge complex, 
and such orbits are in bijection with the non-trivial elements of the class group 
[24]. The singular points are clearly visible in the visualizations of the fundamen- 
tal domain in [9] and 1.20.1 . Contractibility of the Floge complex has been shown in 

The equivariant -homology of Bianchi groups has been calculated in [ 19 1, where, 
however, only the cases of trivial class number, i.e. m — 1,2, 3, 7, 11, 19, 43, 67, 163 
are considered, in which cases there are no singular points. However, for higher 
class numbers the Floge complex is not proper anymore, as the stabilizers of the 
singular points are parabolic. An algorithmic approach for computation of the 
complex has been introduced, described and exploited for the computation of the 
integral homology by A. Rahm and the author in ||20| . Furthermore, a program for 
the calculation of fundamental domains in the Pari/GP language has been pub- 
lished as part of A. Rahm's PhD thesis [|T8| . 

Since the presence of singular points in the Floge complex leads to the action be- 
ing non-proper, in these cases the Floge complex is not a model for the universal 
classifying space ET of proper actions, and therefore not immediately suitable for 
calculation of equivariant /-iT -homology for higher class numbers. 
In the present paper, we show how to overcome this difficulty. In fact, we show 
that the i^-homology of F forms a 6-term exact sequence with that of the Fl'oge 
complex X, and ii'-homology of a disjoint sum of tori. This ensues from inspec- 
tion of an extension of C* -algebras that is naturally associated to the inclusion of 
the boundary component into the universal cover of the Borel-Serre compactifi- 
cation of the locally symmetric space associated to F. We shall use the particular 
model for this cover defined in [24J . The said 6-term sequence reduces the compu- 
tation of the equivariant K- theory to that of the reduced crossed product F k (^) 
for any class number. The K-theory of the crossed product, in turn, can in principle 
be computed by Bredon homology. This spectral sequence is associated to the nat- 
ural filtration of the crossed product by closed ideals associated to the skeleton of 
X. Besides, one may note that for trosion-free subgroups, Borel-Serre compactif ca- 
tions of the quotient F\'H (which is then a manifold) have already been mentioned 
in|10J. 

Note that there is a general construction for turning arbitrary, possibly non-proper, 
F-CW-complexes into proper actions IITSl which could be applied to the Floge com- 
plex; however, the construction is not in general cofinite and therefore difficult to 
use for computational purposes. 

The way we compute the equivariant K-homology with F-compact supports of 
a proper F-CW-complex is based on a Bredon homology; we use the algorithm 
described in [22J as it has also been used in |18|. However, Bredon homology is 
to be taken with respect to a larger class of subgroups than only the finite ones. 
The main technical difficulty then lies in identifying the differentials with maps 
induced by KK-elements defined by asymptotic morphisms. 
Let us also remark that the Bianchi groups, although far from being amenable, are 
K-amenable [5], as they are closed subgroups of a K-amenable group, see [12J for 
the proof for SO (3, 1). As a consequence, there is a KK-equivalence between the 
reduced and full group C* -algebra. Therefore, by calculating the K-theory of the 
former we simultaneously calculate that of the latter. Hence, the Bianchi groups 
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may also be among the most interesting lattices for which complete knowledge of 
the K-theory of the full algebra is available. 

I would like to thank Prof. Ralf Meyer very much for several inspiring discussions 
on the subject, which alone made this paper possible. I would also like to thank 
Prof. Edgar Wrngender for the opportunity to complete the present work under 
his hood. 



2. Floge's complex, equivariant K-homology and the Borel-Serre 

boundary 

2.1. Floge's complex. Briefly, the Floge complex X' is defined as follows, see ||9l 
|20 l for details and references. Let now to € N be square-free, and let R = CQ[y^7^] 
and r = PSL2(i?). Denote the hyperbolic three-space hyTi — Cx R*^. The space 
"H is a homogeneous space under the Lie group G = PSL(2, C). The Satake (or 
spherical) boundary bH of H is CP^, and the action of G, and hence that of P, 
extend continuously to actions on the boundary by Mobius transformations ||211 
Section 12]. A point s e CP^ — {oo} is called a singular point if for all c, d e R,c=^ 
0, Rc + Rd = R, we have |cs — dj ^ 1. We shall denote the union of all orbits 
of singular points by S. Note that the point oo e CP^ is never in the orbit of a 
singular point. The set 5* can either be viewed as a subset of C x {0} c C x M^o/ 
or of <CP^ — oo, or of d{hT-L) — oo. In the first case, S is equal to the elements of the 
number field Q[V^to] [25|. 

The set S* is a subset of the set of cusps of P as defined in [24] . In fact, the orbits 
in the set of singular points of Serre are in bijection with the elements of the class 
group, whereas the Floge orbits are in bijection with the non-trivial elements of 
the class group. 

Furthermore, one considers the union of all hemispheres 



S^,,\ := < {z,r) 



A 

z 

A* 




for any two /x, A with Rji + \R = R, as well as the "space above the hemispheres" 

B {{z,r) : \cz-d\^+r^ |c|^ ^ 1 for all c,de P, c 7^ such that i?c+i?d = R). 

Proposition and Definition 1 ([9]). As a set, H C C x M**" is the union TiUS (where 
we omit, for simplicity, the standard identification G x {0} = CP^ — 00.) The topology 
of v. is generated by the topology ofH together with the following neighborhoods of the 
translates s of singular points: 

U,{s) :={s}U |(z,r) G H : |^ - s| V 













)<?} 







In ensues that S is a closed subset ofH. 

There is a retraction pfrom fi onto the set X cfL of all T-translates of dB, i. e. there is a 
continuous map p ■.'H ^ X such that p{p) = pfor all p <E X. The set X admits a natural 
structure as a cellular complex X', such that P acts cellularly on X*. We shall refer to 
the complex thus defined, as well as to its structure as a T-subset of %, as to the "Floge 
complex". 
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Since B comprises Bianchi's fundamental polyhedron (which is called D in \9]), 
we have TB = % and hence this definition of X coincides with Floge's orig- 
inal definition as the F-closure of B U {singular points}. Note that the topol- 
ogy of T-L is not the one inherited from the Satake (spherical) compactification 
of T-L. However, T-L coincides on T-L with the usual topology; furthermore, it is is 
path-connected, locally path-connected and simply connected |9. Satz 1], and con- 
tractible [20 Lemma 8], as is the cellular complex X* [20 Corollary 7]. 
Since X is not locally finite at the points of S, we shall not work with X directly, 
but only with the pruned intersection X OTi = X — S of X with Ti. On X — S, 
the cellular topology coincides wiht the topology inherited from Ti, and is locally 
compact (unlike that of Ti), whence there are no difficulties in associating a C*- 
algebra '^S'o{X — S). Although X — S* is not a complex anymore, the C* -algebra still 
possesses a filtration by closed ideals, defined by functions that vanish on the in- 
tersections of the sceleta of X with Ti. The associated Schochet-spectral sequence 
will be one of the keys to the calculation of the equivariant K-homology of F. In 
the following, the prunced cellular complex X — S = X O Ti shall be denoted by 
Xo, and its pruned sceleta by Xo := X'^ n Xo- 

As a warning, one should not expect to have Xo to have the same equivariant K- 
homology than the subcomplex of X that consists of all cells that do not touch a 
singular point although these spaces are equivariantly homotopic. The reason is 
that these homotopies are not proper since the singular points are at infinity, for 
the geometry of Xo- K-homology is only invariant under proper homotopies. 

2.2. The Borel-Serre boundary. Let us recall the setup and notation of Serre's in- 
troduction of the Borel-Serre boundary for linear algebraic groups of M-rank one 
lf24[ appendix]. 

Serre's notation translates as follows. The space Ti is hyperbolic space, bTi is the 
ordinary spherical (Satake) boundary of Ti, Dis a translate of a singular point or of 
the point of infinity, Qd is its stabilizer inside G. We are going to view H as a space 
acted upon by G from the right; thus, there is the natural identification Ti = K\G. 
The group Qd is a minimal parabolic subgroup, and the singular points defined 
by Floge naturally embed into the Satake boundary. For instance, consider the 
simplest choice where D is the origin of the Poincare plane. Then Q^i n F is the 
set of upper triangular matrices in F, hence isomorphic to R — Oqi^^^^jj]. Even 
though there are several orbits of singular points, all stabilizer groups H F are 
free abelian of rank two [20]. 

The group A^^i is conjugated inside G — PSL(2,C) to the group ( J i ) whence 
Qd/Nd is isomorphic to C*, the multiplicative group of non-zero complex num- 
bers. The space Tin is defined as the union of hyperbolic space with a boundary 
component Yd, defined as the space of rank one-tori of Qd- In our cases, all Yd 
are diff eomorphic to . More specifically, we obtain for D — oo, the regular cusp 
at infinity of the Riemann sphere: 



oo 




OO 



{(if):zGC} 



6 



MATHIAS FUCHS 



Furthemore, there is a unique fixpoint Sk of the Cartan involution on Yd defined 
by K. This defines an Iwasawa decomposition G ~ K ■ Ak ■ Njj associated to 
the subgroup K, where Ak is the neutral connected component of Sk, and . • . 
denotes the ordinary multiplication in the group G. The group Ak identifies with 
in a canonical way (induced by the positive root of Sk with respect to the order 
relation coming from No), and for t e R!j_, the associated element in Ak is denoted 
by tK- These observations give rise to a topologization of the space Hd by means 
of the family of bijective maps /k '■ R+ x No —>■ Hd, defined by 



fKit,n) = 



(K) -tK-ne K\G '^H t>0,neND, 
n.-^ ■ Sk -n eYd t^O,ne No- 



where X is a maximal compact subgroup of G. These maps are compatible for 
different choices of K and therefore define a unique structure of manifold with 
boundary on Hd, independent of K. 

Let now P be the set of cusps of T, i.e. the set of orbits of singular points together 
with the orbits of the trivial cusp at oo. In Serre's terminology, the space T-L{P) is 
the union 

n{P)^HU \J Yd. 

DeP 

defined by gluing the spaces Hd together along their common intersection H. The 
space 'H(P) is then the universal cover of the Borel-Serre compactification of "H/F. 
Of course, it is also possible to consider a slightly smaller F-space, defined by 
considering only the subset S of P, 

HiS)^HU [j YdCH{P), 
Des 

in order to obtain a space that surjects onto H. In fact, one has 

Observation 2. There is a natural map H{S) — > H defined by collapsing each 
boundary component to the corresponding singular point. This map is continuous 
and surjective. 

This is proved by checking directly that preimages of the open sets that define 
the topology on H are open in 'H(S'). The relation between the spaces H, %, 'H{S) 
and dH{S) can be summarized by the equivariant diagram 

n{s)^ dnis) 



n ^n. 

The following lemma uses the notion of amenable transformation group, discussed 
in detail in [IJ. 

Lemma 3. Let C = %iY) with Y & {n, dniP),'H{P), dniS),P}. Then the transfor- 
mation group {Y, F) is amenable. In particular, the C* -algebraic crossed product F ix C z's 
nuclear and unique, i.e. the quotient map from the maximal to the reduced crossed product 
is an isomorphism. 
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The set P can be replaced by any F-closed subset of P, but we shall not need 
that fact. 

Proof. By [1, Theorem 5.3], it suffices to show amenability of the transformation 
group. 

For C = '^o{H), write the symmetric space as a coset space H = G/K where K is 
a maximal compact subgroup of G. For two closed subgroups F and K of a locally 
compact group G, the associated transformation group {G/K,T) is an amenable 
transformation group [1 Example 2.7(5)]. 

For G — '^o{d'H{P)), observe that the action of F on d'H{P) is proper in the sense 
that the map 

F X dUiP) dH{P) X dUiP) 

defined by (7, x) H> (72:, x) is topologically proper because the action is free and 
cocompact. Any proper action defines an amenable transformation group. In fact, 
the functions gi{x,j) = h{-f~^x) satisfy the conditions of [1, Propositions 2.2(2)] 
where his a continuous non-negative function on dH{P) such that X]7er ^(7^2:) = 
1 for alia; e dn{P). 

Form the associated extension of maximal crossed products associated to the in- 
variant ideal ^^oCH) in '^^o{'H{P)) (for maximal crossed products, exactness is auto- 
matic). We have shown that the ideal and the quotient are nuclear (and therefore 
coincide with minimal crossed product). Nuclearity for Y = T~L{P) then follows 
from the fact that nuclearity is stable under extensions [17]. Moreover, since F is 
discrete, it has property {W) lU Example 4.4(3)], and therefore also the transfor- 
mation groups {dH{P), F) and ('H(P), F) are amenable [1. Theorem 5.8]. 
For G = '^S'o{P), write P as the disjoint union of orbits P — UPi (this is a decom- 
position in finitely, namely m components, where rn is the class number). Any 
crossed product splits into a direct sum over these components, so it is enough 
to prove the statement separately for each. On such a component, we can apply 
Example 2.7(5)] again, this time to the ambient group F (which is locally com- 
pact) and the two closed subgroups F itself and the stabilizer Fj, since the orbit Si 
is then equal to the F-space F/F^, and F,; = is abelian, hence amenable. □ 

2.3. A classifying space. The following lemma uses a simple necessary and suf- 
ficient criteron for a space to serve as a model for the classifying space for proper 
actions for F. Note that unlike H, the space ■H(F) is not acted upon by G. 

Lemma 4. For any T-closed subset S d P, the universal cover ^{P), as constructed in 
| |24l appendix 1], of the Borel-Serre compactification ofV\H is a universal proper T-space. 

Proof. By construction, the action of F on is free. Moreover, for eachboimd- 

ary component we can choose an isomorphism of its (non-pointwise) stabilizer 
with 1? such that its action on the boundary component is equivariantly home- 
omorphic to the action of I? on M^, hence proper. Thus, the action on dH{P) is 
proper. It ensues that ■H(P) is proper. It is noted in ||7l after Definition 3] that any 
proper F-space is universal if and only if it is iJ-equivariantly contractible for any 
finite subgroup H cT. The quotient H\T-L (P) is an orbifold with boundary which 
has the same homotopy type as its interior H\'H. The latter is contractible because 
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"H is a universal proper F-space 12, section 2]. So H\'H{P) is contractible. More- 
over, since ■H(P) is contractible, the contraction of H\'H{P) thus obtained lifts to 
an i7-equivariant contraction of 'H(P) whence the assertion. □ 

In fact, the space H itself is the typical example of a universal proper F-space, 
so H and can both be used as models for ET and for computation of equi- 

variant K-homology. An isomorphism RY^{T-L) — > RV^{'H{P)) is induced by the 
inclusion map % — > 'H(F). However, 'H(P) has, by construction, the advantage 
that it is cocompact unlike T-L. Therefore, we can pass from R KK to KK as follows. 

i?KK^('^o(^F),C) RKK^i'ifoi'HiPjjX) 

(1) =KK^{%{n{P)),C) 

^K*{TK%{HiP))), 

where the last isomorphism is the dual Green-Julg theorem [l3l Theorem 20.2.7(b)]. 
Since the crossed product is nuclear, every ideal is semisplit [3 Theorem 15.8.3]. 
Throughout the paper, the reader should bear in mind that the notations KK* (— , — ) 
and K*(— ) refer to the "original" Kasparov KK-groups instead of the compact- 
support group R KK. (We shall prefer to work with the former.) For a commu- 
tative C*-algebra '^^q{X), the group K*{'^o{X)) is K-homology with locally finite 
support, rather than the usual group with compact support. 

2.4. C* -extensions. We can now make use of 6-term sequences which are avail- 
able in KK, in contrast to RKK. The space Xo was defined in subsection 12. II The 
sequences 

^ '^o{n - Xo) ^ %{n) '%(Xo) ^ 
^ -^olH) ^ %{n{p)) ^ %{dn{p)) ^ 0, 

defined by the respective evaluation maps, are exact and, of course, equivariant. 
Note that in the latter sequence we choose to work with 'H(P) instead of H{S) be- 
cause only T-L{P) is cocompact, whence leading to equivariant K-homology. 
Note that none of these algebras have a unit. We can take reduced crossed prod- 
ucts by F. (We have shown that they coincide with the maximal ones.) It is well- 
known [27, Rem. 7. 14] that a F-invariant ideal / in a coefficient F-algebra C 
induces a short exact sequence of reduced crossed products O^Fk/FkC^- 
F K C// — ^ when F is discrete. Therefore, we arrive at a short exact sequence 
of reduced crossed products with the sequences E] These induce exact 6-term se- 
quences in K-homology KK(— , C). For this, note that all algebras occuring in ex- 
tensions throughout this paper are nuclear, and therefore all extensions are semis- 
plit, so excision in KK-theory holds. 

For a countable discrete group F, there is an identification of KK'^ (A, C) with 
KK(F K A, C) [3]. 

The K-homology of the quotient C* -algebras is easy to compute. To start with the 
second extension, the action of F on d'H{P) is free and proper, so there is a strong 
Morita equivalence F x %{dn{P)) ^ C{T\dn{P)). Let k denote the class number 
of the underlying number field. Then the number of orbits of singular points is k. 
Hence, the quotient space is a disjoint union of k compact 2-tori |24J, so we have 

(3) K*{T K%idniP)))^z^'' 
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for both * = and * = 1. Hence, the second ses. of Sallows to compute the equi- 
variant K-homology of to compute that of 'H(P) from %. 

The former ses. of |2l in turn, allows to compute that of T-L from that of Xo- As we 
have showed in lemmalU the space 'H(P) is a classifying space, so this will achieve 
the computation. 

The action on "H — Xo is free and proper (since the interior of Bianchi's fundamen- 
tal polyhedron has trivial stabilizer), so F k '^<pq{T-L — Xo) is Morita equivalent to 
'^o(r\(?^ — -''^o)) which is isomorphic to "^o of an open 3-cell, i.e. ^^o(K'^)- There- 
fore, 

KK,(rK^o(H-Xo),C) = T' 

I Z, * = 1. 

Thus, we can compute the left hand side K* (F k '^q{T-L{S))) via successive compu- 
tation of the groups K* (F k (-''^o ) ) and K* (F ix "^^o ("H) ) without support condition, 
by the exact 6-term sequences 

(4) K°(F K "^0(^0)) ^ K"(F X •ro(H)) ^ 

Z -< K\T X 'ToCH)) 

and, using |3l 

(5) I?'' ^ R kI {EV) - 



K^{T tx 't^ain)) ^ i?K[(^F) 

which paves the way to reduce the computation of the equivariant K-homology 
of F to that of the X-homology of the reduced crossed product and that of the 
boimdary tori. 

Remark 5. The invertible in KK5^(C, '^o(^)) (namely, Kasparov's dual-Dirac ele- 
ment) leads to an isomorphism K*{T x ^iV.)) ^ K*+^(C,;„F) = i?*+i(F). There- 
fore, rewriting the 6-term sequence |5] and using the fact that the assembly map is 
an isomorphism, we arrive at the following exact 6-term-sequence. 

(6) Z^fc ^ Ko (C,;,F) i?i (F) 



i?o(F) Ki(C;rfF) Z^'' 

where i?(F) = KK'^(C, C) is the Kasparov representation ring. This is remark- 
able since there are rarely exact sequences available that connect K-theory and 
K-homology of the same algebra (in view of i?(F) = KK(C„*„F, C) = K* (C^^F) by 
K-amenability. ) 

Lemma 6. The connecting homomorphisni of the 6-term-sequence^is zero, so there is an 
isomorphism K^{r k '^o{Xo)) = K°(F k ^o('H)) and a short exact sequence 

^ K^(F K %iXo)) ^ K^(F X '^oin)) ^ Z ^ 
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Proof. Let V c H denote the interior of the Bianchi fundamental cell; hence, there 
are homeomorphisms 2? = and T-L — Xo = r xV (for this, recall that the interior 
of V is trivially stabilized). It is well known that the KK-equivalence coming from 
the strong Morita-Rieffel equivalence 

is induced by the inclusion of C* -algebras '^oi'D) ^ T x'^o{'H — Xo) where the first 
algebra is viewed as a crossed product with the trivial group, and a fimction on V 
is viewed as a fimction onH — Xo by setting it to zero outside V. 
Consider the map of ses. 

(7) ^^CD) = ^0 ^0 

— ^ r X '^o{H - Xo) — ^ r K %CH) — ^ r k %{Xo) — ^ o 

We claim that the center vertical arrow induces a surjective map (F k "^^q ("H)) 
Ki(R^) = Z in K-homology (recall that we are dealing with locally finite homol- 
ogy). The assertion then follows. 

Consider the following diagram of KK(C, — )-theory groups. 




K"(pt) ^K\n) 



Ko(c,;,r) — -Ki(rKH) 

where all vertical arrows are induced by C* -inclusions, the diagonal arrow is the 
Bott isomorphism associated to the standard orientation of M^, the upper hori- 
zontal arrow is Bott isomorphism, and the lower horizontal arrow is multiplica- 
tion with Kasparov's dual-Dirac element p e KK5^(C, '^o('H)). The commutativity 
of the triangle is inherent in the definition of the Bott element, and that of the 
square follows from the fact that the forgetful homomorphism KK'^(C, ^o('H)) 
KK(C, n) sends P to the Bott element. 

All arrows except the two lower vertical arrows are isomorphisms (recall that P is 
invertible). Itfollows fhatthe dual map K^(]R^) ii'i(rK^o(^)) isinjective, since 
the class of the unit in Kg {C*^^^) is non-zero and non-torsion. (It is classical that 
this follows from the trace map Kq {C*^^r)) — > Z that sends [1] to 1.) This completes 
the proof. 

□ 

3. The Atiyah-Hirzebruch spectral sequence 

3.1. Bredon homology. Recall the usual terminology for Bredon homology: The 

orbit category Or of F has an object T/H for each subgroup H of F, and all F-maps 
between any two objects as morphisms. A Bredon module is a functor Or — > Ab 
from the orbit category to abelian groups. Here, we are going to consider the 
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Bredon module Mq that associates to T /H the K-homology group K''(Cif). This 
reduces to even degree where it is R(ff) canonically. Let H ^ H' he a homo- 
morphism of groups. The morphisms K'^{C*„g^H) — > K'^{C*„^^H') arising from 
the Atiyah-Hirzebruch spectral sequence are given by left multplication by an ab- 
stractly defined element in KKo(C*,3^-ff', C*,„^H) that reduces to the usual Bredon 
differential as described in [22], and, in even more detail, in [18 1. Specifically, it 
gives the information about the morphisms induced on the representation rings by 
the finite group inclusions occuring among stabilizers of Floge simplices, as well 
as details about how to simplify the computations in the Pari / GP language [ 26 1 . 
In fact, the complex representation ring of a finite group as the free Z-module 
the basis of which are the irreducible characters of the group. These irreducible 
characters are given by the character tables for the finite subgroups of the Bianchi 
groups. One has to consider all possible inclusions, and identify the said mor- 
phism; then, this information is fed into the program Bianchi. gp in order to obtain 
the Bredon chain complex, from which we shall easily deduce the information on 
the modified Bredon chain complex, introduced below. 

3.2. The Atiyah-Hirzebruch spectral sequence for a vertex-pruned cellular com- 
plex. Lemma |6] motivates to calculate the K-homology of F k '^q{Xo). For this 
purpose, we set up the following spectral sequence. 

Lemma 7. There is a homological spectral sequence computing equivariant K-homology, 

where the sum extends over representatives x of orbits ofp-cells, and is the respective 
stabilizer isomorphism type. It is concentrated in the first and fourth quadrants, and 2- 
periodic in the index q. Its differential d" has bidegree (— n, n — 1). 

for p > 1, the E'^-term is Bredon homology H^'" (Xo; Mg) with respect to the family gin 
of finite subgroups with coefficients in the Bredon module 

Proof. This is the Atiyah-Hirzebruch spectral sequence. It is constructed as the 
spectral sequence associated as in [23J to the three-step filtration by closed ideals 

C F K {/ : f\Xl = 0) C F K {/ : f\X^ = 0) C F K %iX,) 

of functions vanishing on the pruned sceleta. 
The sub-quotient 

(F K {/ : f\Xr' = 0))/(F K {/ : f\X! = 0)) = F K %{X! - X^') 

is a direct sum over the orbits of q-cells, and a summand corresponding to the orbit 
of a cell c stabilized by the (necessarily finite) subgroup Fc C F is isomorphic to 
'^q{W^) (g) (F k '^o(Fc)) which is strongly Morita equivalent to the g-fold suspension 
of the complex group ring CFc whose K-homology is isomorphic to RTc. This 
yields the Atiyah-Hirzebruch spectral sequence for equivariant K-homology, upon 
implementing the g-fold dimension shifts pertaining to the cells' dimensions. Its 
computes (and, therefore, its i?^-term is) Bredon homology with respect to 
finite subgroups |il6J, as it is considered in [22J for computation of equivariant 
K-homology. □ 
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The fact that we deal with pruned sceleta introduces no peculiarities since on 
the level of sub-quotients it only means to pay attention to the fact that for each 
edge e touching a singular point, there is only one inclusion of vertex stabilizers 
instead of two (Recall that each edge touches at most one singular point). 
We shall refer to the even rows of as to the "modified Bredon complex" (for 
all p ^ 0), and, accordingly, to the even rows of E'^ as to the "modified Bredon 
homology". 

Example 8. It is easy to write down visualize the Atiyah-Hirzebruch for a very 
simple toy case, for instance the case of a single edge acted upon by the trivial 
group, and then to compare with the Schochet spectral sequence associated to a 
half-open interval with the filtration C '^#'o(IR+) C '^^o{R'^o), where the endpoint 
is the single simplex. The latter 's E^-term takes the form Z Z in even rows, and 
zero in odd rows, according to a single edge and a single point. The homology of 
this vanishes, in accordance with K*('^^o(IR>o)) = 0. Bearing this example in mind 
might help in understanding the slight generalization of the Atiyah-Hirzebruch 
spectral sequence to pruned cellular complexes, considered here. Roughly speak- 
ing, "it is enough to omit the missing points from the spectral sequence". 

3.3. Short exact sequences. Let us write down how to pass, in our case where 
the spectral sequence is applied to the algebra F x '^o{Xo), from E°° to the K- 
homology. 

Corollary 9. The odd rows of the E2-term vanish since Ki of a finite-dimensional C*- 
algebra such as a finite group's ring necessarily vanishes. Since dim Xo = 2, the spectral 
sequence is concentrated in the columns ^ p ^ 2. Therefore, E^ = E°° , and there is an 
isomorphism 

(8) E%^K\T K^o{X,)) 
and a short exact sequence 

(9) ^ El^ K"(r K %{X,)) -Bf.o ^ 0. 

4. Explicit calculations 

Let us go through all computations for m — 5. Details, including a picture, of 
a simple fundamental domain for the action of X are given in 121 and lEOl section 
3.2]. We shall stick to the notations therein. 

Recall that we set out to calculate the spectral sequence, associated to a commu- 
tative filtrated algebra, that almost comes from the sceleton filtration of a cellular 
complex' algebra. However, there is "one vertex orbit missing" in Xo- So, there 
are only four orbits of vertices, namely those of a,b,u,v, but the same numbers 
of edges and faces as in Il20l section 3.2], namely seven orbits of edges, those of 
ba, vvi,a3U, ub, uib, av, as, and three orbits of faces. Stabilizers are given in explicit 
form in the same references. There is only one orbit of singular points, since the 
class number of Q[-\/— 5] is two. 

All informations on the representation rings K'^ {C*,„^T cr) = RT„ of finite stabiliz- 
ers of vertices a are given in [18] and used as explained in subsection 13. II 
The £^^-term is a complex 

jl . ^4+4+2+3 , ^2+3+2+2+2+1 + 1 ^1 + 1 + 1 



EQUIVARIANT K-HOMOLOGY OF BIANCHI GROUPS WITH NON-TRIVIAL CLASS GROUP 



13 



in even rows, and zero in odd rows. The d^-matrix is set up and the elementary 
divisors of are easily determined (for instance by the Pari/GP software 1261 ) by 
calculating the Smith normal form. Therefore, the modified Bredon homology is 

-^Z^® Z/2 

(10) El^ ^ I? 

where we write (as in the remaining part of the paper) Z/,g := Z/yZ. A quick check 
of a necessary criterion is the correct rational Euler characteristic 13 — 13 + 3 = 
5-3 + 1. UsinglHandlll we obtain 



K*(r K '^o{x^)) 

Using lemma m we have 



z6ez/2, * = o 
z^ * = 1. 



Z*^®Z/2, * = 
Z'', * = 1. 



Thus, it only remains to solve the 6-term extension problem|5] Recall that the class 
number k is two. 



Theorem 10. The equivariant K -homology of the Bianchi group PSL2 {O (Q [\/^5] ) ) is 



Z6©Z/2, * = 
Z^, * = 1. 



As stated in the introduction, this simultaneously computes (C'^rfr). 
It is clear that analogous computations for other rii present no fundamentally new 
difficulties. However, they are beyond the scope of the present paper. 
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